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Chapter 1: Measures

X B—PRAE, [ X - REB-DENGBEMTROMREE, FERIFZAH X )TRR0N, Rt
X5, BANTEIGIANNE, WRERACEIXEE SR/ NAEHEA T A,
XEARTN TR R EREMBANE, 2NHT o-REBRITINE, TAR o-RENIESTHENE, %
ZWNH T IEME R —REEOR, BN T Lebesgue MEEAIEANER, RGIESLTMENT,
IR — LA BIE S o-REEIBINERE TS

1.1 Algebras and Sigma-Algebras

Algebra Definition 1.1.1

L X NEBES. & X WK A e FHIELE, WK AR X _ER— {REL/Algebra:
s X e A,

o XWHMNAc A, HHE A e A;

o WERARIIA,,....4, €4, AU A €4

s MERARI A,,.., A, € A, A A € Ao

MR, AERE A, THIESR T A e, IS AR FEA, R, A, = (", A7) , SATAT
DAHTRE BRI B 118 5 F IR 1, PRI B PO = 45 ARBL,

Sigma-Algebra Definition 1.1.2

X MEEBES, B X WTFHRIE AW THIEME, WK A8 X ER— o-fX8/o-Algebra:
e XeUd;

o WM Ac A, HIE A° e 4;

o MERAEFI (A} (VA, A, €A, AU A €4

| o MHMERFHO (A} (VA A €A, B2 A €A

i, X Efo-REGLE—MUE X 7&K, HERERG, AIEoF S5 8E M EH, 5REIEFEMH

[, WAMART=&EER — = A TENE L THFKRZ RAR:

o 8P X EHY o-RUHNE X ERIREL, RIOVERRFF TR RIS SRR Z0F,

o ALK ERMNENME —Fl o e A, Whoed <= X e A

o MTAA X ERAESH, EBHNANEIRIF TEMNFEIE A, G X e 4, XZRN X = AU A°,
et AT DU A AF R X € Ao

#HAEX EH o8, BNINES E € X FRN A-vI M/ A-measurable,

Some Families that are or are not Algebras or Sigma-Algebras Example 1.1.1

o X NEIRE, € AN X WTEIHE AR A° BRI X MFE2E, W42 X ERRE, BER
2 o-f8,
» AR X ERIREL, RXRARWARIE, FOVARIFH AR
» ANE o-RB, AR —HE X 75, HoBl RGP, B2 BRHAIBH AR AR,
HHEATHGFHIHNMEEFFARERE — R BRI, 7] LAME B RBERFERE B,
o X NAHHER, £ AN X KA AT R2R W ARE X, BAEBRK FAEH; BIEARREC
o R ANFHMFTRNAERD R EXEEFFHRIES, XEZEAN (o,b]. (a,+00) B (—o0, bl
WIREZ R A 2 R _ERRE, ERZ o,
» A DUEE FITIXHE (a,b) B A FEERIATEGE, HERHHAE A H,

NHEHE— MIE o- U5,
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Proposition 1.1.1
2 X A—1MEE, W X EEENIED o-REUGEHNZRTE X _E—1 o-REL

Proof of Proposition 1.1 Proof 1.1.1

2 CNh X E—NEEN o-RER, 2 ANENIR, BR X € 4, RNBAE D o-REEE S
X; HAeA MEBNET W o-REHEF A, WMEH A°, W A€ A4; F {4} 2 AFHF
g, W, 4 BT ¢ PR o8, MmithET A

HE, TWERIEERE, % o-REIHFRLE o8, Sk

LXNNRE, FhXBTEK, WEEES F 1 X £ &1 o

GREHI A 2 X EEE F R o8, BANTEWA A4 52— ME 7 1 o8, HRER
G S 7 1 o- B S 4, HUR 4, 1 4, 82 X EEE 7 iR/ Y oIR8, W A, = A,,
XA AT A S F R/ o-RECEME—1), X1 o-REGIRER 7 AR 1) o8, 121E o(F)o

Proof of Corollary 1.1 Proof 1.1.2

L C MBS F X Eo-REWAER, N e k=, RNFEARGRN o %, H Proposition 1.1
AIDVHIE, € HATE o8I A—1 o-RE; EEE 7, BE—PMEE 7 N o-REFEE, X
SRS RMR®R T, SFRCErSHH,

BIEAR I X — N R o805, RY -1 Borel o-fR8 i UM H R (IFTE THRARIY o3, 10
BRY), BT B(RY) WHESFN R 1 Borel . % d = 11, EHILH B[R), MFRE BRY).

Proposition 1.1.2

SEHU 1Y Borel o-fXE B(R) AT 2B RIIE—R S HEAER:
o R HIATAALINESTE;

e JEAN (—oo, b] WA FICH T X HIE;

o JEAN (a,b] RIFE FIFF X HIE,

J

Proof of Proposition 1.2 Proof 1.1.3

¥ B, By, By 73l N HIX =25 HIR N G TRA Y 0B SEIE B(R) D B, D B, D B;, FlE B, D

B(R), XFEFLATPAEH B(R) = B, = B, = B,

e BT BR) WEMAEBERK FEH, ©OSMARE, Wit SHAEERD B,.

o BE (—oo,b) NAR, BET B,, MM B, 2 By

e XM& (a,b] = (—o0,b] N (—o0,al¢, B (a,b] HITE By H, 8 B, O B,

o &JE, BNIFIXE (a,b) &RE—F (a,b) BUEESHIE, M NMFEREFXENIE, XSG NMTER
T Bs, MIM B3 2 B(R).

TEIRERNA T, BAIMIZERE B(R) B98N EmHR:
o HAZ T ROLNE D R FE;
o HORH/, DAZET AT DAGERIAGIE MR 7T 2R A B,
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Proposition 1.1.3

R L Borel o-{tA B(RY) A DA R — MEA R

o RY WA HRINESIE;

o RYHFTEHAN {(2, ..., xy) : m; < b} HAPEZRABIE SR, H i Z2EDLIMER, beR;
o RIHIFFE AL ZEEE, CATEN {(z,....,2,) 1 a; < x; < by, fori=1,...,d}o

UERAEEATAT DAVE A Proposition 1.2 RYIRTE, K KERIEE, RFEEEEIEN {(z),...,24) 1 a; < z; <
b, for i = 1,...,d} BFETE AT DA BN S B ZREAT A T o

BHEHE B(RY) HHI—EEE, & G 8 G(RY) N R WIFERE, F 83# F(RY) NIAELREK, 12 G
N G HIFFINZFISNEARES, 7, 8 F FIRFIRDFEN RS, XD XBEFRN G, KR E, 25, H
ZFRHFI) G5 F 53315k B 1815 Gebiet 5118 fermé, T MR o, 6 735K HE1E Summe 5 Durchschnitt
HIE Ry, FATE R

Proposition 1.1.4

R FIANHREE G &; T R MR F, £

& F AR, BAIRERNEHEFI{U,} B F =N U,o 2 U, &AM TE X
1
- d . _ _
Un.—{xeR Iy eF, |z y||<n} 1]
M FRNEER, U, hER; SNEDU, BREIE, BF CN U, NTRITANER, EEE

EEEZEAE, MEFNTUSHIAERSFIINRR A RS T EEN 2 e N U,, H#E—D
F AWSURBIARIR 5, SRR A AR S 2 € Fo B F = U,o

IR U RITER, WEM Ue MK, WM UC 2 G, BRI U, U =N U,. TRU=
U, Us, EP&ANUsH, WU AN E,.

-

BATAZE TR SRS SORRA R XY, XD el E SOZ: R B SR DB TR PSR 215
2, mEENITERE ] DOBEE ARSI EE,

B, HEERERGKS, EX S, NS TRAIKFHREINEARES, S; N8 FRIINZEEHIR A
Eh. BMNATLOEN 0,6 X DIRIE, 5215 S, 5 F5F5.

BATH— A { A, } FOVRIEEHY, HHIGE A, C A, [FEA] DUE SGERATFS1,

J

Proposition 1.1.5

B XN—TMRE, AN X ER—DME Gl TIME—FME, W AN B
o A FEIEWEFPAIRIFF T EAL
o A FEIBRFFAIIAE T EAL,
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Proof of Proposition 1.5 Proof 1.1.5

SRR — 0L, T A DR, BAIBRIECIETEOF FEIANIAL, B {A,} % A LR
R, AHEREI n, X B, = U7, Ao W {B,} WIBH5, A B, € A, MB—FMRHIU, B, €
Ao LU B, = U A, # A ERTEOT FEIA, B o-fU8K
PR =Rz, RTTEROUEELAT DU 55— KBRAT Do 1 (A} 0 A PRGBS, W {A¢) Hi
WG, B A € A, BRI, A € A, FRU. A, = (N, 45)° € 4. 1 A EATHDE

| R, B o

|\

1.2 Measures

L X N—PMERE, AN X EB— o0& M—"1ME S A B B4 [0, +-o00] FIKEL p TS, W
BA—1 A _EREAHEZ T {A,} T 2
0 (U Ai) =>_u(a) 2]

HRLFREy nlEnlfil/Countably Additive FIRREL, XHEHT n(4;) >0, AIHATRAEILEFE, E2
HON— MRS, ELHN +ooo

Measure Definition 1.2.1

= A LERJIE 12 A — [0, +oo] B NHE (@) = 0 FIFTEATANERI£L,

AT A PRAhN/Finitely Additive FIRREGHETE X, —MNERRATMAYERE u: A — | ] BN
Jas
(U A, ) Z n(A 3]
7=1

MR R, RAESRE, B rIErT AR A IR AT, JX TR ER T Ja i — LI 2
%, HEAMMH uwo )=OEB_IO M7 —T5HRE, BRANEIMEFFA—E R AT, aTARE 52
H R BIK,

LT RIERTAntE, ARATANMEE AR — I B ARRITE R, B2 —T5HE, A EBe s+ L FIra R
S FHER RS T, FH SRR Z BN R AR B . RIS ) THr o<l BT A, £ FoRIES
AT AR A1 5 A T B AR S A2 P AR AT A

Measure Space Definition 1.2.2

MNF—NRE X, ANX E—1 B, p A F—NUE, W= (X, A, p) FRA—D W
JE73H)/Measure Space, £ REATE (X, A), WFRHEI— nIi%3[]/Measurable Space, XfT—1
MEEZRME], —REAR p o AT=S(E] (X, A) ER— DU, R 4 T B FGEsE, AR w8 X &
| H— NI

Example 1.2.1

o HEME: & X NEBES, ANX EMo-RE X p: A — 0,400 N A zﬁE’JT—E%E’J/\
B, R ANSBE, W p(A) =0, AR ARNERE, M u(A) = +o0, X—EXGHH—DNE; H
R (X, A) LR THEME/Counting Measure,

o JKPivEME: & X AERESES, AN X LW o-RE, BEGE v € Xo B pg: A — [0, +00)]
N opsay =1 HBMNE z € A, BN psq) = 0o X—EXHH—MUE; HEIEN (X, A) LSS
T o (9 FRPi v M /Dirac Measure 50 ;i &% /Point Mass Measure,
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Con'd Example 1.2.2

o & X NIFEHSE, AN X EWMFTETHE AR Ac G TE21K, N 42—, HERZ
o-RE B p: A —[0,4+00] H p(A) =1 HHAY ARTRE, EN pA) =0, X—EXHH
—/NEBRATANEIE, (EZ2IFRREFRREEI— A AR o-RE R RTERT I,

o XX NEBESE, ANX FEE—D o-RE B p: A —[0,+00] N pu(A) = +oo 2 HALY
A+ @, BN p(A) =0, X—E XL H— DA AnmE,

o X BVEMMNLE, ANXBIFRE, EX p: A—[0,400] Hu(Ad)=1Y%HNY A+g, &
T p(A) = 0o X—EXLAHREAZME, B2 —NERATINE, R A,, A, F
A BAAERE, M p(A UAy) =1, 1 p(Ay) + p(dy) =2

Proposition 1.2.1

DX, A, p) A—NIEZSR, A, Be AH AC B, W p(A) < p(B), R w(A) < +oo, M u(B—
A) = u(B) — (Ao

Proof of Proposition 1.2.1 Proof 1.2.1
BE A5 B—AWINALE, HB=AU(B—A), HAFIAIIMER] DASE]
n(B) = p(A) + u(B — A) [4]

HT w(B—A) >0, LA u(B) > p(A)e WR p(A) < 400, M w(B— A) = u(B) — u(A)s

2 p NRIUES R (X, A) BRI DR, 05R uw(X) < 4+oo, WIFR u 2 F BRI /Finite Measure, U1HAF
TEFHN{A;} IR X =, A; H u(4;) < +oo, WIFK p 2y o-HBRIUE/Sigma-Finite Measure, 5 —BtK
&, WRE € A7 LAFTN A4 NARMELSHIIETE, WK ETE p F o-BR. WRMEZSA (X, A, p)
W2 p B RAECE o-AIRAY, WIFRIXNE S R AR o- AR,

BATHRIR Z B FRIRERRIE A TRTA R, (BRA —EE R e R EREIA RS oA R,

Countable Subadditivity Proposition 1.2.2

(X, A, p) N—DIEZR, {A N AHRRHERRFS, IBATEATE NE nfBEX P hE/Countable
Subadditivity:

=)
k=1

\ J

Proof of Proposition 1.2.2 Proof 1.2.2

BRI T HRE X (B} B, = Ay, By = A, — (U} 4,), MAB—A B, ET 4, HRMFZ,
U, B = U, Ay, B u(By) < u(Ay)e SRERATBRAT ASE:

1% (U Ak) =p (U Bk) = ZM(Bk) < Z:U'(Ak)' [6]
2 % % k

2 (D Ak) < ZM(Ak)- [5]

|

XA ERREIREAN, AT A AT DA H R R R A

Proposition 1.2.3

& (X, A, ) BB
o W {A} R A FIOERAT], W u(U, A,) = limy w(4,);
o W {A} R A FHGERAT], BN 0 p(A,) < +oo, M (M), Ap) = limg u(4y).




Note of Measure Theory by Donard Cohn Chapter 1: Measures

Proof of Proposition 1.2.3 Proof 1.2.3

SEUESE— 4 TR ARE NI (B} By = Ay, By = Ay — Ay, WAH—1 B, HET 4, H
WIAZE, |, B, = Ay, Fittik$5)

k k
N(UAk> Zu(UBk) = u(By) =lim} u(B) =li,gnu(U Bz-> =limp(4y).  [7]
k k k =1 =1

TS %, BATROBDET n = 14 p(4;) < +oo, I FEAREYL (G} G, = 4, — 4,
T4 (G} R A RIS, B U, G, = A, — ), Ay, FitaREHE]

It (Al -N Ak) = p (U Ck) = lim p(G) = lim p(4; — 4;) 8]
k k

1E Proposition 1.2.1 FHEATTHITEINR p(A;) < +o0, N ,u(Al -N, Ak) = u(4;) — ,u(ﬂk Ak), [l
| PASE u(ﬂk Ak) = lim,, u(A)o

Proposition 1.2.4

2 (X, A) A—AAIUZEE, R (X, A) ER—ANERAIE, MREHE FEFRZ—, B4 u
AR — NI

o limy u(Ay) = p(U, Ay) NE—A A PEREFE] {A,} RO

o limy pu(Ay) = 0 XA A RN {A,} BOZ, HIEAE N, Ay = Do

Proof of Proposition 1.2.4 Proof 1.2.4

BATHRFERIER SR AT, 2 {B;} N A FRIWMAZHIFH, BAIFZIERKRZ
(U, B;) =5, 4(B))

BHARMEE —KRAL, NE—1 Kk X Ak—U _, By, WENARATINERT AR pu(A,) =
S u(By), FHE— AR

N(UBJ‘) =/-5<UAJ'> —hm,u (Ag) =ZN [9]
Jj=1 j=1 j=1

KIEEARIIE 1 2 A AT A,
FHBHAES 23z, £ 4y = U

° By BXFE A, B NMERFS, REREA RATNE AT DS £

M (U Bj) Z 1(B;) + u(Apyr) [10]

FIEHSS 4RO limy, (A, ) = 0, u:twaﬁuu(ujzl B;) = 527, u(B;), HRREN T WA
1,

XTI REBANINME 2 AKIE:

Borel Measure Definition 1.2.3

1E (R, B(RY)) LAY R LA Borel )E/Borel Measure, B —f%it, # X c R? 7y Borel
£, A NEELE X NN Borel FERTAN o-REL, N (X, A) ERIEFRN X L1 Borel U /Borel

Measure,

Continuous and Discrete Measure Definition 1.2.4

R (X, A, p) A= IE=E, WRNEGN 2 e X 596 p({z}) =0, WK u h ELIME/Continuous
Measure, WRFE—NEZAHEE D C X # w(D°) =0, WFK p 0 BEE/Discrete Measure,
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EESEN P TEIRE T A B SR AIINEE AR 0, ERE BB AR5 31, BRI RIRE — MR AR
MERAE— DL R B, EWREIX N AT AR — MR e R A HO
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